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A NOTE ON UNCONDITIONALLY CONVERGENT SERIES IN A
COMPLETE TOPOLOGICAL RING
ALEX RAVSKY
Abstract. We answer a question concerning classes of complete topological rings where
unconditionally convergent series have a special property.
In this note we answer Question 1 posed by a user dch at Mathematics Stack Exchange
a few months ago [3]. In order to formulate it, we introduce the following notion. A
topological ring R is a dch ring, if for any unconditionally convergent series
∑∞
i=1 ai in R
and any neighborhood S of the additive identity 0 of R there exists a neighborhood S ′ of
0 such that for any finite subset F of S ′ and any sequence (fi) of elements of F , we have
that
∑∞
i=1 fiai converges to a point in S.
Question 1. Are there well-known classes (e.g. locally compact, locally connected, regu-
lar) of complete Hausdorff topological rings which are dch rings?
We show that a topological ring which is a Banach space (and so a connected complete
metric space) can fail to be a dch ring, see Proposition 4. On the other hand, a topological
ring R is a dch ring provided R is locally compact Hausdorff, see Proposition 7 or R has
a base at the zero consisting of open ideals and the additive topological group of R is
sequentially complete, see Proposition 3.
All groups explicitly considered in this paper are supposed to be Abelian, add all
topological groups (including additive groups of topological rings) are Hausdorff. An
endomorphism of a group G is a homomorphism from G to itself. A series
∑∞
i=1 ai in a
topological group, is unconditionally convergent, if there exists an element a ∈ G such
that for each permutation σ of N, a series
∑∞
i=1 aσ(i) converges to a.
A non-negative function ‖ · ‖ defined in a group G is called a norm, provided for each
g, h ∈ G, ‖g‖ = 0 iff g = 0, ‖−g‖ = ‖g‖, and ‖g+h‖ ≤ ‖g‖+‖h‖. It is well known and easy
to show that that in this case a function d such that d(g, h) = ‖g − h‖ for each g, h ∈ G,
is a metric on G and the group G endowed with the metric d is a topological group. A
series
∑∞
i=1 ai on this group (G, d) group is absolutely convergent, if a series
∑∞
i=1 ‖ai‖
converges in R. It is well known and easy to show (see, for instance, [2, Exercise 1.36])
that each absolutely convergent series on (G, d) is unconditionally convergent iff (G, d) is
complete.
Whether unconditional convergence implies absolute convergence is a more delicate
issue. If G = Rn with the standard Euclidean norm, then by the Riemann Rearrangement
Theorem unconditional convergence implies absolute convergence. On the other hand, by
Dvoretzky-Rogers theorem [4], in any infinite dimensional real Banach space there exists
a series which is unconditionally convergent but not absolutely convergent.
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By Proposition 1.27 from [2], convergence in a complete, non-Archimedean normed
group G is much simpler. If (ai) is a sequence in G then the series
∑∞
i=1 ai is uncondi-
tionally convergent iff it is convergent iff (ai) converges to the identity of G.
A sequence (xn) on a topological group G is Cauchy if for every neighborhood U of the
identity of G there is natural n such that xi − xj ∈ U , for each i, j ≥ n. A topological
group G is sequentially complete, if each Cauchy sequence on G converges.
Lemma 2. Let G be a sequentially complete topological group,
∑∞
i=1 ai be an uncondi-
tionally convergent in G series, and (fi)
∞
i=1 be a sequence of continuous endomorphisms
of G such that a set F of values of (fi) is finite. Then a series
∑∞
i=1 fi(ai) converges.
Proof. Let f ∈ F be any element. For each natural i put xfi =
∑
k≤i, fk=f
ai (we put
that the sum over an empty set equals the identity of G). It is easy to show that the
unconditional convergence of the series
∑∞
i=1 ai, implies that a sequence (x
f
i ) is Cauchy.
Since the group G is sequentially complete, the sequence (xfi ) converges to a point x
f ∈ G.
Let n be any natural number. Since each map f ∈ F is a homomorphism,
∑n
i=1 fi(ai) =∑
f∈F f(x
f
n). Since each map f ∈ F is continuous and the sequence (x
f
i ) converges to x
f ,
the sequence
(∑
f∈F f(x
f
n)
)
n∈N
converges to
∑
f∈F f(x
f ). 
Proposition 3. Each topological ring R which has a base at the zero consisting of open
ideals, and whose additive topological group is sequentially complete, is a dch ring.
Proof. Let
∑∞
i=1 ai be any convergent series in R and S be any neighborhood of the zero
0 of R. Let S ′ be an arbitrary open ideal contained in S. Since each open subgroup
of a topological group is closed in it, S ′ is closed in R. Let (fi) be any sequence of
elements of S ′ and T be any open ideal in R. Since the sequence (ai) converges to 0,
there exists N such that an ∈ T for each n ≥ N . Since T is ideal, it follows that∑n
i=m fiai ∈ T for each m,n ≥ N . Since R has a base at the zero consisting of open
ideals, (
∑n
i=1 fiai) is a Cauchy sequence. Since the additive group of R is sequentially
complete, the series
∑∞
i=1 fiai converges to a point a ∈ R. Since S
′ is an ideal, for any
natural n,
∑n
i=1 fiai ∈ S
′, so we have a ∈ S ′ = S ′ ⊂ S. 
Let p ∈ [1,∞] be any number and Rp be a ring of bounded linear operators on a normed
space (ℓp, ‖ · ‖) of sequences x = (xn)n∈N of real numbers such that ‖x‖
p =
∑
|xn|
p <∞
for p < ∞ and ‖x‖ = sup |xn| < ∞ for p = ∞, such that (ab)(x) = b(a(x)) for each
a, b ∈ Rp and x ∈ ℓp. It is easy to check that Rp endowed with a topology generated by
an operator norm ‖a‖ = sup{‖a(x)‖ : x ∈ ℓp with ‖x‖ ≤ 1} is a topological ring and a
Banach space.
Proposition 4. For any p ∈ [1,∞], the ring Rp is non-dch.
Proof. For each i and each x = (xn) ∈ ℓp let ai(x) has the only non-zero i-th coordinate,
which equals xi/i. Then a series
∑∞
i=1 ai unconditionally converges. Now let S be a unit
ball centered at the zero 0 of Rp and S
′ be any open neighborhood of 0. There exists
ε > 0 such that S ′ contains a closed ball of radius ε centered at 0. For each i and each
x = (xn) ∈ ℓp let f
′
i(x) has the only non-zero n-th coordinate, which equals εx1. Since the
harmonic series
∑∞
n=1 1/n diverges, there exists N such that ε
∑N
n=1 1/n > 1. Put fi = f
′
i ,
if i ≤ N and fi = 0, otherwise. Then f
′
i ∈ S
′ for each i. Let x0 = (1, 0, 0, . . . ) ∈ ℓp. Then
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‖x0‖p = 1, but ∥∥∥∥∥
(
∞∑
i=0
fiai
)
(x0)
∥∥∥∥∥ = ε
N∑
n=1
1/n > 1.
So
∑∞
i=0 fiai 6∈ S. 
Let X be a non-empty set and ℓ∞(X) be a linear space of bounded real-valued functions
on X endowed with the supremum norm ‖a‖ = supx∈X |a(x)| for each a ∈ ℓ∞(X). Then
X is a Banach space and a topological ring with respect to the coordinatewise addition
and multiplication.
Proposition 5. For each non-empty set X, R = ℓ∞(X) is a dch ring.
Proof. Let
∑∞
i=1 ai be any unconditionally convergent series in R and S be any neighbor-
hood of 0 of R. There exists ε > 0 such that 0 ∈ Bǫ = {b ∈ R : ‖b‖ ≤ ε} ⊂ S. Since for
each x ∈ X a series
∑∞
i=1 ai(x) is unconditionally convergent, it is absolutely convergent,
that is a(x) =
∑∞
i=1 |ai(x)| < ∞. If A = supx∈X a(x) = ∞ then we can inductively
construct a sequence (xn) of elements of X and an increasing sequence (mn) of natural
numbers and a permutation σ of N such that a sequence (
∣∣∑mn
i=1 aσ(i)(xn)
∣∣) is unbounded,
which contradicts the unconditional convergence of
∑∞
i=1 ai. Pick δ > 0 such that δA ≤ ε.
Then S ′ = Bδ = {b ∈ R : ‖b‖ ≤ δ} is a neighborhood of 0 of R. Let (fi) be any sequence
of elements of S ′ such that a set of values of (fi) is finite. By Lemma 2, a series
∑∞
i=1 fiai
converges to some point a ∈ R. Since for each x ∈ X and each natural n we have∥∥∥∥∥
n∑
i=1
fi(x)ai(x)
∥∥∥∥∥ ≤
n∑
i=1
‖fi(x)‖‖ai(x)‖ ≤
n∑
i=1
δ‖ai(x)‖ ≤ δ
∞∑
i=1
‖ai(x)‖ ≤ δA ≤ ε,
we see that
∑∞
i=1 fiai ∈ Bǫ and thus ∈ Bǫ = Bǫ ⊂ S. 
Recall that a character of a topological group G is a continuous homomorphism from G
to a group T = {z ∈ C : |z| = 1}, endowed with the multiplication and topology inherited
from C.
Lemma 6. Let G be a locally compact topological group. Let E be a set of endomor-
phisms of G containing the zero endomorphism 0E and endowed with a topology such that
the evaluation map from E × G to G, (f, x) 7→ f(x) for each f ∈ E and x ∈ G, is
continuous. Let a series
∑∞
i=1 ai of elements ai of G unconditionally converges. Then for
any neighborhood S of the identity of G there exists an open neighborhood S ′ of 0E such
that for any sequence (fi) of elements of S
′ and any natural n,
∑n
i=1 fi(ai) ⊂ S.
Proof. Shrinking the neighborhood S, if needed, we can assume that its closure S is
compact. Since the series
∑∞
i=1 ai converges, all but finitely many ai’s belong to S. Thus
a set S ∪ {ai} is compact. Let G
′ be the smallest subgroup of G containing S ∪ {ai}.
Since G′ ⊃ S, G′ is an open subgroup of G. By Example 69 from [5], the group G′
is topologically isomorphic to a product H × Zp × Rq, where H is a compact group, Z
and R are the groups of integer and real numbers, respectively, endowed with the usual
topologies, and p, q are non-negative integers. By [5, §34.C], for each element x of H
there exists a character χ from H to T such that χ(x) 6= 0. It follows that H can be
topologically isomorphically embedded into a power Tκ for some cardinal κ. So there
exists an isomorphic topological embedding i : G′ → Tκ × Rs for a non-negative integer
s = p+ q.
4 ALEX RAVSKY
Thus there exist 0 < ε ≤ π and a finite set Γ of continuous homomorphisms (which are
compositions of i and projections on the factors) from G′ to a group K (which is R or T)
such that S ⊃ S0 = {x ∈ G
′ : ‖γ(x)‖ ≤ ε for each γ ∈ Γ}, where ‖g‖ = |g|, if g ∈ R and
‖g‖ = | arg g| ≤ π, if g ∈ T. Remark that for each g, h ∈ K we have ‖g + h‖ ≤ ‖g‖+ ‖h‖
and if ‖g‖ ≤ π/2 then ‖g + g‖ = 2‖g‖. For each x ∈ G′ put ‖x‖Γ = maxγ∈Γ ‖γ(x)‖.
Let γ be any element of Γ. Since the series
∑∞
i=1 ai unconditionally converges and γ is
continuous, a series
∑∞
i=1 γ(ai) unconditionally converges too. This easily follows that a
series
∑∞
i=1 ‖γ(ai)‖ converges. Since the set Γ is finite,
M = 1 +
1
ε
∞∑
i=1
‖ai‖Γ ≤ 1 +
1
ε
∞∑
i=1
∑
γ∈Γ
‖γ(ai)‖ <∞.
Pick 0 < δ ≤ ε/(2M).
Since S0 is a closed subset of a compact space S, it is compact. Let x ∈ S0 be any
element. Since 0 = ‖0E(x)‖Γ < δ and both the evaluation map from E×G to G and ‖ ·‖Γ
are continuous, there exist a neighborhood S ′′x of 0E and an open neighborhood Ox of x
in S0 such that ‖g‖Γ < δ for each g ∈ S
′′
x(Ox), where S
′′
x(Ox) = {f(y) : f ∈ S
′′
x , y ∈ Ox}.
Since the set S0 is compact, there exists a finite subset F0 of S0 such that S0 ⊂
⋃
{Ox :
x ∈ F0}. Put S
′′ =
⋂
{S ′′x : x ∈ F0}. It follows ‖f(x)‖Γ < δ for each f ∈ S
′′ and x ∈ S0.
Suppose to the contrary that there exist f ∈ S ′′ and x ∈ S0 such thatM‖f(x)‖Γ > ‖x‖Γ.
Since 0 < ‖f(x)‖Γ < δ, there exists the largest natural k such that 2
k‖f(x)‖Γ < 2δ ≤ ε ≤
π. Then 2k‖f(x)‖Γ ≥ δ. Let 2
kx be a sum of 2k instances of x. It is easy to see that
ε ≥ 2Mδ > M‖f(2kx)‖Γ = 2
kM‖f(x)‖Γ > 2
k‖x‖Γ.
It follows 2kx ∈ S0 and so ‖f(2
kx)‖Γ < δ, a contradiction.
Since the series
∑∞
i=1 ai converges, a set {ai} \ S0 is finite. Since ‖0E(x)‖Γ = 0 for each
x ∈ {ai} \ S0 and both the evaluation map from E × G to G and ‖ · ‖Γ are continuous,
there exists an open neighborhood S ′ ⊂ S ′′ of 0E such that ‖f(x)‖Γ < 2δ < ‖x‖Γ/M for
each f ∈ S ′ and each x ∈ {ai} \ S0. Thus we have ‖f(ai)‖Γ ≤ ‖ai‖Γ/M for each f ∈ S
′
each ai.
Let (fi) be any sequence of elements of S
′, x =
∑n
i=1 fi(ai). Then fi(ai) ∈ G
′ for each
i, so x ∈ G′ and
‖x‖Γ ≤
n∑
i=1
‖fi(ai)‖Γ ≤
n∑
i=1
‖ai‖Γ/M ≤ ε.
Thus x ∈ S0 ⊂ S. 
Proposition 7. Each locally compact Hausdorff topological ring R is dch.
Proof. Let
∑∞
i=1 ai be any unconditionally convergent series in R and S be any neighbor-
hood of the zero 0 of R. It is well known that each topological group is regular, so it
suffices to show that there exists a neighborhood S ′ of 0 such that for any finite subset F
of S ′ and any sequence (fi) of elements of F , we have that
∑∞
i=1 fiai converges to a point
in S. Since for each f ∈ R a map R→ R, x 7→ fx for each x ∈ R is a continuous homo-
morphism of the additive group of R, Lemma 6 implies that there exists a neighborhood
S ′ of 0 such that for any sequence (fi) of elements of S
′ and any natural n,
∑n
i=1 fiai ∈ S.
Since the group G is locally compact, it is sequentially complete, for instance, by Theorem
3.6.24 from [1], by Lemma 2, the series
∑n
i=1 fiai converges to a point a ∈ R. Since for
any natural n,
∑n
i=1 fiai ∈ S, we have a ∈ S. 
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